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Abstract
A regular space is T-finite if and only if it is hereditarily strongly collectionwise Hausdorff
and σ -pseudo-closed discrete. Every finer regular topology on such a space is hereditarily
ultraparacompact. σ -pseudo-closed discreteness is strictly between σ -closed discreteness and σ -
discreteness. It yields ultraparacompactness for regular, strongly collectionwise Hausdorff spaces.
Every T-finite, regular topology is finer than a (more or less) canonical topology defined on a tree
of height 6 ω. These tree-type topologies (for arbitrary height) are always ultraparacompact and
monotonically normal. A space is non-Archimedean and left separated if and only if it is a lob and
of tree-type. Ó 2000 Elsevier Science B.V. All rights reserved.
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T-finite; Tree-type topology; Ultra-extremely normal; Finer topology
AMS classification: 54D15; 54D20; 54F99
Originally, the motivation for our considerations arose from the following question: Let
R be an integral domain, not a field. Then it is easy to see that the set of all non-zero ideals
of R forms a neighbourhood base at 0 for a zero-dimensional ring topology on R. Is R,
endowed with this topology, paracompact?
If R is countable, then the topology is metrizable, hence in this case the answer is trivial.
On the other hand, there are at least consistent counterexamples, even when R is a principal
ideal domain (see [11]). But what if R is such a (ring-theoretically) easy ring as the ring
of polynomials over an uncountable field? In order to give an affirmative answer in this
case, we introduce the notion of T-finiteness. It is easy to show that every such topological
space is in fact T-finite. Moreover, by Corollary 31, every finer regular topology on a
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T-finite space is hereditarily ultraparacompact. Thus, T-finiteness is also linked with recent
investigations on normality of finer topologies (see, e.g., [12]).
We further give a characterization of T-finiteness in terms of covering properties. For
that we will need the notion of σ -pseudo-closed discreteness, a property strictly between
σ -discreteness and σ -closed discreteness. In several theorems the latter can be weakened
to this rarely considered property. However, many familiar spaces which fail to be σ -closed
discrete are still σ -pseudo-closed discrete, for instance, the one-point compactification of
every discrete space.
It turns out that every T-finite, regular topology is finer than a (more or less) canonical
topology defined on a tree of height 6 ω. These tree-type topologies (for arbitrary height)
may also be of independent interest. They are always ultraparacompact and monotonically
normal. (Of course, they have nothing to do with the usual interval topology: The latter is
discrete on trees of height 6 ω.)
Space always means T1-topological space. Paracompact spaces are regular. Other
covering properties are defined as in [2], but only assuming that they are T1. Unless
specified otherwise, X = (X, τ) denotes a topological space.
If X is a set and x ∈X we denote X\{x} by X 6=x . If, moreover, 6 is a partial ordering
on X, we write X6x for {y ∈X: y 6 x}. Similarly, X>x . “⊂” includes equality.
1. σ -pseudo-closed discrete spaces
Here we say that a topological space X is σ -discrete (σ -closed discrete) if X can be
represented as the countable union of discrete (closed discrete) subspaces of X.
Definition [20]. The topological space X is called σ -pseudo-closed discrete, if X can be
represented as X =⋃n<ω Xn where Xn is discrete and ⋃m6n Xm is closed in X for each
n < ω.
There seems to be no chance for a generally accepted notation, for instance: σ -closed
discrete spaces are called the same in [12], strongly σ -discrete in [1], σ -discrete in [3,17,
20]. σ -discrete spaces are called the same in [1] and weakly σ -discrete in [17]. σ -pseudo-
closed discrete spaces are called weakly σ -discrete in [20].
Obviously,
X σ -closed discrete⇒X σ -pseudo-closed discrete⇒X σ -discrete.
If the subspace of all non-isolated points is discrete (“I-space” in [1]) then the space is σ -
pseudo-closed discrete. In particular, the one-point compactification of every uncountable,
discrete space is σ -pseudo-closed discrete but not σ -closed discrete. The Michael line is
σ -discrete but not σ -pseudo-closed discrete (see Corollary 4). Lemma 2, which is more
or less well known, shows how to get back. Obviously, σ -pseudo-closed discreteness is
preserved by subspaces and finer topologies on the same underlying set. By an easy, but
somewhat unpleasant, proof, it is also preserved by finite products.
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Recall that a space is left separated if there exists a well-ordering on X such that every
final segment is open. In line with the above notation we call a space σ -closed scattered if
it can be represented as a countable union of closed, scattered subspaces. (In [17] these are
called σ -scattered.) Semi-stratifiable spaces are defined as in [10] but only requiring that
they are T1.
Lemma 1. Let X be σ -pseudo-closed discrete.
(a) Then X is left separated and σ -closed scattered.
(b) If X is normal, then X is strongly zero-dimensional.
Proof. X can be represented as the disjoint unionX =⋃n<ω Xn where Xn is discrete and⋃
m6n Xm is closed for each n < ω.
(a) There exists a well-ordering 6 on X such that x < y for all x ∈ Xn, y ∈ Xn+1.
Obviously, X is left separated with respect to 6. Moreover,
⋃
m6n Xm is scattered for
each n < ω.
(b) follows immediately from the countable sum theorem for dim, see [6, 3.1.7]. 2
Lemma 2. The following are equivalent:
(1) X is σ -closed discrete;
(2) X is σ -closed scattered, submetacompact and of countable pseudo-character;
(3) X is σ -discrete and perfect (i.e., every closed subset is Gδ);
(4) X is left separated and semi-stratifiable.
Proof. (1) ⇒ (2) By [2, 7.3], X is even subparacompact. The remaining properties are
obvious.
(2)⇒ (1) [17, Theorem 3.9].
(1)⇒ (3) In a σ -closed discrete space every subset is Fσ , hence Gδ .
(3)⇒ (1) Let X =⋃n<ω Xn with Xn discrete for each n < ω. Then, by T1, for each n,
Xn =Un ∩Fn where Un is open and Fn is closed in X. Since X is perfect, for each n < ω,
Un =⋃m<ω Hm,n with Hm,n closed in X for each m. Thus X =⋃m,n<ω(Hm,n ∩ Fn) is
the union of countably many closed discrete subspaces.
(1)⇒ (4) {{x}: x ∈X} is a σ -discrete, closed network forX. ThusX is semi-stratifiable
[10, 4.11].
(4)⇒ (1) [8, Theorem 4]. 2
A space of Mrowka–Isbell type for ω1 (see [2, 4.5]) is regular, σ -pseudo-closed discrete,
first countable, but not σ -closed discrete, hence not submetacompact.
Recall that a space X is called strongly collectionwise Hausdorff if for every closed
discrete subset D of X there exists a discrete family (Ux)x∈D of open subsets of X such
that x ∈ Ux for each x ∈D. It is easy to see that X is strongly collectionwise Hausdorff
provided X is normal and collectionwise Hausdorff. Moreover, X is ultraparacompact
if every open cover has an open, disjoint refinement. It is well known that X is
ultraparacompact if and only if X is paracompact and strongly zero-dimensional (see, e.g.,
[16, Proposition 1]). Part (b) of the following easy proposition is one of our cornerstones.
4 U. Heckmanns, S. Watson / Topology and its Applications 101 (2000) 1–19
Proposition 3. Let (X, τ) be σ -pseudo-closed discrete.
(a) If (X, τ) is collectionwise Hausdorff, then it is subparacompact, metacompact and
screenable.
(b) If (X, τ) is strongly collectionwise Hausdorff and regular, then it is ultraparacom-
pact.
Proof. X can be represented as the disjoint unionX =⋃n<ω Xn where Xn is discrete and⋃
m6n Xm is closed for each n < ω.
Let n < ω. Then
⋃
m6n Xm is scattered of finite length and collectionwise Hausdorff,
hence (sub)paracompact [18, Lemma 8]. By [2, 7.3], X is subparacompact.
Now let U be an open cover of X. By induction, we construct (Vn)n<ω such that, for
each n, Vn is an open, disjoint (in (b), discrete) partial refinement of U ,⋃
Vn ⊂
⋃
k>n
Xk and Xn ⊂
⋃
V1 ∪ · · · ∪
⋃
Vn.
Let n < ω and assume that Vm is already constructed for each m< n. Then
X′n =Xn
∖(⋃
V1 ∪ · · · ∪
⋃
Vn−1
)
=
( ⋃
m6n
Xm
)∖(⋃
V1 ∪ · · · ∪
⋃
Vn−1
)
is closed discrete in X. Hence there exists an open, disjoint (in (b), discrete) family
(Vx)x∈X′n such that x ∈ Vx for each x ∈ X′n. For each x ∈ X′n choose Ux ∈ U such that
x ∈ Ux . Then
Vn =
{
Vx ∩Ux ∩
⋃
k>n
Xk: x ∈X′n
}
is as required.
It follows that V =⋃n<ω Vn is an open refinement of U . In (a), V is σ -disjoint, hence X
is screenable. Moreover, V is point-finite, hence X is metacompact. In (b), V is σ -discrete,
hence X is paracompact. Thus, by Lemma 1, X is strongly zero-dimensional. Hence X is
ultraparacompact. 2
Remarks.
(a) If X is collectionwise Hausdorff and first countable, then X is regular, see [15].
(b) There is an at least consistent example of a σ -closed discrete, collectionwise
Hausdorff Moore space which is not normal, see [3]. By the above and Corollary 14
this space has a closure-preserving cover by finite sets. Thus, Lemma 12 in [20] is
false.
(c) Example G in [13] is σ -closed discrete, metacompact, normal, but not collectionwise
Hausdorff.
(d) Under ♦∗ there exists a σ -discrete, scattered, zero-dimensional, collectionwise
normal space which is not paracompact (in fact, a Dowker space), see [9, 2.1].
Corollary 4. Let (X, τ) be first countable and σ -pseudo-closed discrete.
(a) ([17]). If X is submetacompact then X is developable.
(b) If X is strongly collectionwise Hausdorff then X is metrizable.
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Proof. (a) By Lemma 2, X is σ -closed discrete. Then, as is well known,X is developable.
(Compare [17, 3.14].)
(b) By [15], X is regular. By Proposition 3, X is paracompact. Hence, by (a), X is a
Moore space. Thus X is metrizable. 2
It follows that the Michael line is not σ -pseudo-closed discrete.
2. Almost discrete representation
In this rather technical section we introduce two properties which will be used in the
characterization of T-finite and ω-tree-type topologies, respectively. In particular, they will
provide a common proof for both characterizations. For this, Lemma 12 is crucial.
We say that the topological space Γ is almost discrete if Γ is T1 and Γ has at most one
non-isolated point. Then we write (Γ, γ0) if γ0 is the unique non-isolated point or if Γ is
discrete and γ0 is an arbitrary point of Γ .
Definition. Let X be a topological space, x ∈X. A weak almost discrete representation of
X in x is a triple (Γ, γ0, f ) where (Γ, γ0) is an almost discrete topological space and
f :X→ Γ a continuous map such that f−1(γ0) = {x}. (Γ, γ0, f ) is called an almost
discrete representation of X in x if, in addition, f is closed. X is called (weak) almost
discrete representable if for each x ∈X there exists a (weak) almost discrete representation
of X in x .
Obviously, if x is isolated then there exists an almost discrete representation of X in x .
Of course, every almost discrete space is almost discrete representable. Moreover, it is easy
to see that if (Γ, γ0, f ) is an almost discrete representation of X in x and f is surjective,
then f is open.
Lemma 5. Let x ∈X. The following are equivalent:
(1) There exists a weak almost (respectively, almost) discrete representation of X in x .
(2) There exists a partition X 6=x =⋃U of X 6=x such that each U ∈ U is clopen in X
(and x /∈ St(X\V, U) for each open neighbourhood V of x).
(3) There exists a weak almost (almost) discrete representation (Γ, γ0, f ) of X in x
such that f is open and surjective.
Proof. (1)⇒ (2) Let (Γ, γ0, f ) be a weak almost (almost) discrete representation of X in
x . Let
U = {f−1(γ ): γ ∈ f (X 6=x)}.
Then U is as required.
(2)⇒ (3) Let U be as in (2),≡ the equivalence relation induced by the partitionU ∪{{x}}
ofX and f :X→X/≡ the quotient map. Then (X/≡, x¯, f ) whereX/≡ is endowed with
the quotient topology is as in (3).
(3)⇒ (1) is clear. 2
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Corollary 6. Let x ∈X and assume thatX is T2 andX 6=x is ultraparacompact. Then there
exists a weak almost discrete representation of X in x .
Corollary 7. Let x ∈X and assume that there exists a weak almost discrete representation
of X in x .
(a) Let P be an additive topological property which is hereditary to clopen subsets. If
X has P , then also X 6=x has P .
(b) If X is paracompact, then also X 6=x is paracompact.
(c) If X is strongly collectionwise Hausdorff, then also X 6=x is strongly collectionwise
Hausdorff.
Hence there exists no weak almost discrete representation of ω1 + 1 in ω1.
Lemma 8. Let x ∈A⊂X.
(a) If (Γ, γ0, f ) is a (weak) almost discrete representation of X in x , then (Γ, γ0, f |A)
is one of A in x .
(b) If A is a clopen subset of X and there exists a (weak) almost discrete representation
of A in x , then there exists one of X in x .
Proof. (a) Of course, (Γ, γ0, f |A) is a weak almost discrete representation of A in x .
Claim. If f is closed, then also f |A is closed.
Proof of Claim. Let F be a closed subset of A. If x ∈ F , then γ0 ∈ (f |A)(F ), hence
(f |A)(F ) is closed in Γ . If x /∈ F , then x /∈ F (with respect to X), hence γ0 /∈ f (F ) =
f (F ). Thus (f |A)(F ) is closed in Γ . 2
(b) is straightforward. 2
Lemma 9. If X is almost discrete representable, then X is zero-dimensional.
Proof. Let x ∈ X and (Γ, γ0, f ) an almost discrete representation of X in x . If U is an
open neighbourhood of x then f−1(Γ \f (X\U)) is a clopen neighbourhood of x contained
in U . 2
In the following lemma, ω + 1 is endowed with the topology generated by its linear
ordering. The proof is straightforward.
Lemma 10. Let x ∈X and (Un)n<ω be a decreasing sequence of clopen neighbourhoods
of x such that ⋂n<ω Un = {x}. Define
h :X→ ω+ 1, h(y)= sup{n < ω: y ∈ Un}.
Then (ω + 1,ω,h) is a weak almost discrete representation of X in x . If, moreover,
(Un)n<ω is a neighbourhood base of x , then (ω + 1,ω,h) is an almost discrete
representation of X in x .
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Corollary 11. Let X be zero-dimensional.
(a) If X is of countable pseudo-character, thenX is weak almost discrete representable.
(b) If X is first countable, then X is almost discrete representable.
Lemma 12. Assume that X is strongly collectionwise Hausdorff and zero-dimensional.
Let x ∈X and (Γ, γ0, f ) be a (weak) almost discrete representation of X in x . Let D be
a closed discrete subset of X 6=x . Then there exists a (weak) almost discrete representation
(Σ,γ0, g) of X in x such that g|D is injective and {g−1(σ ): σ ∈ Σ} is a refinement of
{f−1(γ ): γ ∈ Γ }.
Proof. Without loss of generality, D 6= ∅. By Corollary 7, X 6=x is strongly collectionwise
Hausdorff. Hence there exists a clopen, discrete family (Uy)y∈D such that y ∈Uy for each
y ∈ D (with respect to X 6=x ). Thus ⋃y∈D Uy is clopen in X 6=x . Since D 6= ∅, we may
assume that (Uy)y∈D is an open partition of X 6=x . By T1, each Uy is open in X. Define
Σ = (Γ 6=γ0 ×D) ∪˙ {γ0}.
For each open subset ∆ of Γ with γ0 ∈∆ let
∆′ = (∆ 6=γ0 ×D) ∪ {γ0} ⊂Σ.
Put the following topology on Σ : Every σ ∈Σ 6=γ0 is isolated. {∆′: ∆ is an open subset
of Γ with γ0 ∈ ∆} is a neighbourhood base of γ0. Obviously, (Σ,γ0) is almost discrete.
Define
g :X→Σ, g(z)=
{
γ0 if z= x,
(f (z), y) if z 6= x and z ∈ Uy, y ∈D.
It is easy to see that g is well-defined and (Σ,γ0, g) is a (weak) almost discrete
representation of X in x such that g|D is injective. Obviously, {g−1(σ ): σ ∈ Σ} is a
refinement of {f−1(γ ): γ ∈ Γ }. 2
3. T-finite spaces
Now we come to the property which will ensure that all finer, regular topologies are
paracompact.
A neighbourhood assignment (for X) is a family (Ux)x∈X such that Ux is an open
neighbourhood of x for each x ∈X.
The next proposition is essentially due to Yajima [20]. But since it can be considered as
a weak version of T-finiteness and demonstrates the ideas in a simplified manner, we state:
Proposition 13. The following are equivalent:
(1) X has a neighbourhood assignment (Ux)x∈X such that, for each y ∈X, Sy = {x ∈
X: y ∈Ux} is a finite set.
(2) X is σ -pseudo-closed discrete and hereditarily metacompact.
(3) X has a closure-preserving cover by finite sets.
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Proof. Let (Ux)x∈X be as in (1). For x ∈X define
Vx =
⋂
z∈Sx
Uz ⊂Ux.
Then also (Vx)x∈X satisfies (1) and, moreover, Vx ⊂ Vy whenever x ∈ Vy . Thus, (Vx)x∈X
fulfills condition (∗) in [20, p. 572]. Therefore Lemmas 2–5 in [20] prove the proposition
(where even the proof of Lemma 4, (∗∗)⇒ (∗) becomes superfluous). 2
Obviously, this property is preserved by subspaces, finite products and finer topologies
on the same underlying set.
Corollary 14 [20, Corollary 7]. The following are equivalent:
(1) X satisfies condition (2) from Proposition 13 and is of countable pseudo-character.
(2) X is σ -closed discrete and metacompact.
Proof. (1)⇒ (2) Proposition 13 and Lemma 2.
(2)⇒ (1) By Lemma 2, X is perfect. Hence X is hereditarily metacompact [2, 7.1]. 2
Definition. Let X be a topological space. A T-neighbourhood assignment (for X) is a pair
((Ux)x∈X,6) where (Ux)x∈X is a neighbourhood assignment and 6 is a partial ordering
on X. In this case define
Ty = {x ∈X: Ux ∩Uy 6= ∅ and y ≮ x} for each y ∈X.
The T-neighbourhood assignment is called T-finite if each Ty is a finite set. X is called
T-finite if there exists a T-finite T-neighbourhood assignment for X.
Note that here we do not require compatibility of 6 with the given topology, but if X
is regular we may assume that 6 is a left separating well-ordering, see Theorem 28. On
the other hand, sometimes it is more natural to consider partial orderings. (See, e.g., the
remark to Lemma 21.) We remark that all of our proofs would also work, if instead of
partial orderings we considered only reflexive, antisymmetric relations.
Trivial examples.
(a) If (Γ, γ0) is an almost discrete space, then Γ is T-finite.
(b) If X is countable, then X is T-finite.
Proof. (a) Define
Uγ =
{
Γ if γ = γ0,
{γ } otherwise,
and let 6 be a well-ordering on Γ with the least element γ0. Then ((Uγ )γ∈Γ ,6) is a
T-finite T-neighbourhood assignment.
(b) Let 6 be a well-ordering on X of type 6 ω. Then ((X)x∈X,6) is a T-finite
T-neighbourhood assignment for X. 2
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Lemma 15. IfX is T-finite, thenX is σ -pseudo-closed discrete and hereditarily metacom-
pact.
Proof. Let ((Ux)x∈X,6) be a T-finite T-neighbourhood assignment for X. Let x ∈X. For
each y ∈ T 6=xx choose an open neighbourhoodWy of x which does not contain y . Define
U ′x =Ux ∩
⋂{
Wy : y ∈ T 6=xx
}
.
It is easy to see that (U ′x)x∈X is as in condition (1) of Proposition 13. 2
The following is obvious (of course, (c) implies (b)):
Lemma 16. Let ((Ux)x∈X,6) be a T-finite T-neighbourhood assignment for X.
(a) If A is a subspace of X, then ((Ux ∩ A)x∈A,6 |A) is a T-finite T-neighbourhood
assignment for A.
(b) ((Ux)x∈X,6) is a T-finite T-neighbourhood assignment for each finer topology on
X.
(c) If Y is a topological space and f :Y →X is a finite-to-one, continuous map, then
((f−1(Uf (y)))y∈Y ,6) is a T-finite T-neighbourhood assignment for Y , where 6 is
the ordering on Y defined by: y 6 y ′ ⇔ y = y ′ or f (y) < f (y ′).
In Theorem 28 we characterize T-finite, regular spaces. This will yield that the product of
finitely many, T-finite spaces of countable pseudo-character is T-finite. On the other hand,
the product of two arbitrary T-finite, regular spaces need not be T-finite: Let A(ω), A(ω1)
be the one-point compactifications of the discrete spaces ω, ω1, respectively. By the above,
A(ω), A(ω1) are T-finite, but A(ω)×A(ω1) is not hereditarily normal, hence not T-finite
by Proposition 17. One cornerstone for the characterization is the following:
Proposition 17. If X is T-finite and regular, then X is collectionwise normal.
Proof. Let ((Ux)x∈X,6) be a T-finite T-neighbourhood assignment for X and (Fi)i∈I a
discrete family of subsets of X. We have to show that (Fi)i∈I can be separated by an open
family:
For each x ∈⋃i∈I Fi there is exactly one j ∈ I such that x ∈ Fj . By regularity of X,
choose an open neighbourhoodWx of x such that{
i ∈ I : Wx ∩ Fi 6= ∅
}= {j }.
Now let j ∈ I . For each x ∈ Fj define
Vx = Wx ∩Ux ∩
⋂{
X\Wy : y ∈ Tx ∩
⋃
i∈I 6=j
Fi
}
.
Then Vx is an open neighbourhood of x . Hence Pj =⋃x∈Fj Vx is an open set which
contains Fj .
Claim. (Pi)i∈I is pairwise disjoint.
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Proof of Claim. Let i, j ∈ I and Pi ∩Pj 6= ∅. Then Vx ∩Vy 6= ∅ for some x ∈ Fj , y ∈ Fi .
Without loss of generality, x 6< y , hence y ∈ Tx . Assume i 6= j . Then
∅ 6= Vx ∩ Vy ⊂
⋂{
X\Wy ′ : y ′ ∈ Tx ∩
⋃
i∈I 6=j
Fi
}
∩Wy ⊂ (X\Wy)∩Wy.
Contradiction! This proves the proposition. 2
4. Tree-type topologies
By the above it follows that a T-finite, regular space is hereditarily ultraparacompact and
σ -pseudo-closed discrete. It will turn out that this exactly characterizes T-finite, regular
spaces, see Theorem 28. One way to prove the converse is by a direct construction. But
with some more effort we can also show that T-finite, regular topologies are exactly the
refinements of ω-tree-type topologies which we introduce now. These topologies are quite
easy to understand and so they may give some idea of T-finite topologies. Moreover, an ω-
tree-type topology has a canonical T-finite T-neighbourhood assignment, see Lemma 21.
Thus, for the above mentioned characterization it remains to construct a weaker ω-tree-
type topology for every hereditarily ultraparacompact, σ -pseudo-closed discrete space, see
Proposition 27.
Let M be a set. Here we say that F ⊂P(M) is a regular filter on M , if F is closed with
respect to supersets, finite intersections and contains all cofinite subsets of M . Thus the
full power set P(M) is a regular filter on M , and it is the only regular filter on M if M is
finite.
Let (X,6) be a tree. If x ∈ X, then by IS(x) we denote the set of all immediate
successors of x . Denote the height of (X,6) by ht(X). A regular filter system on (X,6)
is a family (Fx)x∈X where, for each x ∈X, Fx is a regular filter on IS(x). Then, for each
x ∈X and F ∈Fx , let
VF = {x} ∪
⋃
y∈F
X>y .
It is easy to see that the set {VF : x ∈X, F ∈Fx} is a base for a topology on X. We denote
this topology by µ= µ((Fx)x∈X), the (tree-type) topology generated by 6 and (Fx)x∈X.
For the special case where each Fx is the cofinite filter on IS(x), this topology has been
considered in several papers, for instance, [4,7,14]. We thank Stevo Todorcevic for calling
this to our attention.
For Lemmas 18–22 let (X,6) be a tree, (Fx)x∈X a regular filter system on (X,6) and
X be endowed with µ= µ((Fx)x∈X).
Lemma 18. Let x ∈X.
(a) {VF : F ∈Fx} is a clopen neighbourhood base at x . In particular, X>x is clopen.
(b) Let F ′ be a non-empty subset of Fx . Then
⋂F ′ = ∅, iff ⋂F∈F ′ VF = {x}.
(c) x is isolated in X iff ∅ ∈Fx .
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Proof. (a) Obviously, {VF : F ∈ Fx} is an open neighbourhood base at x . Moreover,
X>x = VIS(x) is open. Let F ∈ Fx . We have to show that X\VF is open: Let z ∈ X\VF .
Then x 6= z.
Case 1: x, z are incomparable or x < z. Then z ∈X>z ⊂X\VF .
Case 2: z < x . Let t be the least element of {y ∈X: z < y 6 x}. ThenG= IS(z)6=t ∈Fz
and z ∈ VG ⊂X\VF .
(b), (c) are straightforward. 2
The topology of every subspace is canonically generated by the restricted order:
Lemma 19. Let Y be a subset of X. For each x ∈ Y and F ∈Fx define F ′ =⋃y∈F X>y ∩
ISY (x). Let F ′x be the filter on ISY (x) generated by {F ′: F ∈ Fx}. Then the topology
generated by 6 |Y and (F ′x)x∈Y equals the subspace topology of Y .
Proof. The straightforward calculation is left to the reader. 2
Lemma 20. (X,µ) is almost discrete representable.
Proof. Let x ∈X. Define Γ = {x} ∪ IS(x), endowed with the subspace topology from X.
By Lemma 18, (Γ, x) is almost discrete. Let
f :X>x→ Γ, f (z)=
{
x if z= x,
y if y ∈ IS(x) and y 6 z.
Since 6 is a tree ordering, f is well-defined. Obviously, f−1(x)= {x}. For y ∈ Γ 6=x we
have f−1(y)=X>y and, for F ∈Fx , f−1(VF ∩ Γ )= VF . Hence f is continuous.
f is closed: Let H be a closed subset of X>x . If x ∈H , then x ∈ f (H), which implies
that f (H) is closed in Γ . If x /∈H , then VF ∩H = ∅ for some F ∈Fx . It follows that
∅ = (F ∪ {x})∩ f (H)= (VF ∩ Γ )∩ f (H).
Hence x /∈ f (H). Thus f (H) is closed in Γ . Therefore, (Γ, x,f ) is an almost discrete
representation of X>x in x . By Lemma 8, X is almost discrete representable in x . 2
Lemma 21.
(a) (X,µ) is left separated.
(b) If ht(X)6 ω then there exists a T-finite T-neighbourhood assignment ((Ux)x∈X,)
for X such that  is a left separating well-ordering on X.
Proof. Refine the given tree ordering6 to a well-ordering. Then every final segment A
of (X,) is open, since A =⋃a∈AX>a . If ht(X) 6 ω then ((X>x)x∈X,) is a T-finite
T-neighbourhood assignment for X. 2
Remark. If ht(X) 6 ω then there also exists a canonical T-finite T-neighbourhood
assignment, namely ((X>x)x∈X,6).
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Lemma 22. If ht(X) 6 ω and (X,µ) is of countable pseudo-character, then there exists
a regular filter system (Gx)x∈X on (X,6) such that µ((Gx)x∈X) is metrizable and weaker
than µ.
Proof. Let x ∈ X. By Lemma 18, there exists a (without loss of generality) decreasing
family (Fn)n<ω in Fx such that
⋂
n<ω Fn = ∅. Let Gx be the filter on IS(x) generated by
(Fn)n<ω .
Obviously, (Gx)x∈X is a regular filter system on (X,6) and, by Lemma 18, (X,
µ((Gx)x∈X)) is first countable. By the above and Corollary 4, it is metrizable. Since
Gx ⊂Fx for all x ∈X, µ((Gx)x∈X) is weaker than µ((Fx)x∈X). 2
Now again let (X, τ) be a topological space.
Definition. Let α be an ordinal. (X, τ) is called of tree-type (α-tree-type) if there exists
a tree ordering 6 on X (of height 6 α) and a regular filter system (Fx)x∈X such that τ
equals the topology generated by 6 and (Fx)x∈X.
It is fairly easy to characterize tree-type topologies in contrast to ω-tree-type topologies
(see Proposition 27). The following property is crucial:
Definition. (X, τ) is called ultra-extremely normal if there exists a family (Bx)x∈X such
that
(1) Bx is an open neighbourhood base at x for each x ∈X.
(2) For each distinct x, y ∈X andU ∈ Bx , V ∈ By , if U ∩V 6= ∅ thenU ⊂ V or V ⊂U .
Obviously, ultra-extreme normality is preserved by subspaces.
Proposition 23.
(a) If X is ultra-extremely normal then X is monotonically normal and hereditarily
ultraparacompact.
(b) X is non-Archimedean iff X is ultra-extremely normal and a lob (i.e., every point
has a neighbourhood base linearly ordered by inclusion).
Proof. (a) In [19] a space (X, τ) is called extremely normal if there exists an operator
E : {(x,U): x ∈ U ∈ τ } → τ such that x ∈ E(x,U) ⊂ U , and x, y distinct, E(x,U) ∩
E(y,V ) 6= ∅ implies
(∗) E(x,U)⊂ V or E(y,V )⊂U.
Obviously, a space is ultra-extremely normal iff there is such an operator where (∗) is
replaced by E(x,U)⊂ E(y,V ) or E(y,V )⊂ E(x,U). Hence an ultra-extremely normal
space is extremely normal, in particular monotonically normal and paracompact [19].
Thus we need only prove that X is strongly zero-dimensional: By [5, 6.2.4], it suffices
to show that every pair H,K of closed, disjoint subsets can be separated by a clopen set.
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Let (Bx)x∈X be as in the definition. Then
W =
⋃
{U : U ∈ Bx, x ∈H and U ∩K = ∅}
is clopen in X and H ⊂W ⊂X\K .
(b) Recall that the space X is non-Archimedean if it has a rank 1 base B, i.e., every two
elements of B are either disjoint or comparable. Then ({U : x ∈U ∈ B})x∈X shows that X
is ultra-extremely normal. Conversely, let (Bx)x∈X be as in the above definition. Since X
is a lob, we may assume that every Bx is linearly ordered. Then
⋃{Bx : x ∈X} is a rank 1
base. 2
Theorem 24. The following are equivalent:
(1) (X, τ) is of tree-type.
(2) (X, τ) is ultra-extremely normal and left separated.
Proof. (1) ⇒ (2) Let 6 be a tree ordering and (Fx)x∈X a regular filter system which
generates τ . It is easy to see that ({VF : F ∈ Fx})x∈X fulfills the above conditions. By
Lemma 21, X is left separated.
(2)⇒ (1) Let  be a left separating well-ordering on X and (Bx)x∈X as in the definition
of ultra-extreme normality. Then, {B ∈ Bx : B ⊂Xx} is also a neighbourhood base for x .
Thus we may assume that
⋃Bx ⊂ Xx for each x ∈ X. Now define x 6 y iff y ∈⋃Bx .
Then 6 is a weaker ordering on X than . By this, it is easy to see that 6 is in fact a tree
ordering on X. IS(x) denotes the set of immediate successors of x with respect to 6.
For x ∈X and B ∈ Bx define FB = {y ∈ IS(x): X>y ∩B 6= ∅} andFx the filter on IS(x)
generated by {FB : B ∈ Bx}. An easy calculation shows thatFx contains all cofinite subsets
of IS(x) and B = VFB for all B ∈ Bx . Hence τ equals the tree-type topology generated by
6 and (Fx)x∈X. 2
Corollary 25.
(a) Every tree-type topology is monotonically normal and hereditarily ultraparacom-
pact.
(b) A space is non-Archimedean and left separated if and only if it is a lob and of tree-
type.
By the above proof, it is easy to see that the Michael line is of (ω+ 1)-tree-type.
5. Representation by ω-tree-type topologies
Now we link the properties considered so far. In particular, we characterize ω-tree-type
and T-finite topologies. Merely for our main construction in Proposition 27 it is convenient
to introduce the following technical
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Definition. Let (X, τ) be a topological space. Let 6 be a tree ordering on X. τ is
compatible with 6 if for each x ∈ X, X>x is clopen in X with respect to τ . Then, for
each x ∈X and x ∈ U ∈ τ define:
Fx,U =
{
y ∈ IS(x): X>y ∩U 6= ∅}, Fx = {Fx,U : x ∈U ∈ τ}.
It is easy to see that (Fx)x∈X is a regular filter system on X. µ((Fx)x∈X) is called the
tree-type topology generated by 6 and τ .
Lemma 26. Let 6 be a tree ordering on X.
(a) Let τ be a topology on X which is compatible with 6. Then τ is finer than the tree-
type topology generated by 6 and τ . In particular, τ is Hausdorff. Both topologies
have the same isolated points.
(b) If (Fx)x∈X is a regular filter system on X, then µ((F)x∈X) is compatible with 6
and the tree-type topology generated by 6 and µ((Fx)x∈X) equals µ((Fx)x∈X).
Proof. (a) Let x ∈ U ∈ τ . Then
VFx,U = {x} ∪
⋃{
X>y : y ∈ Fx,U
}= (U ∩X>x)∪⋃{X>y : y ∈ Fx,U} ∈ τ.
Hence τ is finer than µ = µ((Fx)x∈X). Thus each isolated point with respect to µ is
isolated with respect to τ . If x is isolated with respect to τ , then ∅ = Fx,{x} ∈ Fx . By
Lemma 18, x is isolated with respect to µ.
(b) The straightforward calculation is left to the reader. 2
Proposition 27. Let (X, τ) be regular, strongly collectionwise Hausdorff, σ -pseudo-
closed discrete and weak almost discrete representable. Then there exists a tree ordering6
onX with ht(X)6 ω and τ compatible with 6. Moreover,6 can be constructed such that:
(a) If τ is of countable pseudo-character, then the same holds for µ where µ is the
tree-type topology generated by 6 and τ .
(b) If X is almost discrete representable, then µ= τ .
Proof. Unless stated otherwise all topological notations refer to (X, τ). By Proposition 3,
X is zero-dimensional. X can be represented as the disjoint union X =⋃n<ω Xn where
Xn is discrete and
⋃
m6n Xm is closed for each n < ω. Without loss of generality letX 6= ∅
andX0 = {x0}. By induction we construct a sequence (Tn, (Ux)x∈Tn)n<ω such that for each
n < ω the following hold:⋃
m<n
Tm ∩ Tn = ∅. (1)
Xn ⊂
⋃
m6n
Tm. (2)
x ∈Ux and Ux is a clopen subset of X for each x ∈ Tn. (3)
(Ux)x∈Tn is pairwise disjoint. (4)
U
6=x
x ∩
⋃
m6n
Tm = ∅ for all x ∈ Tn. (5)
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x∈Tn
Ux ∪
⋃
m<n
Tm =X. (6)
If n > 0, then for each y ∈ Tn there is some x ∈ Tn−1 such that Uy $Ux. (7)
Let T0 = {x0} and Ux0 =X.
Now let n < ω and assume that (T0, (Ux)x∈T0), . . . , (Tn, (Ux)x∈Tn) are already con-
structed. Let x ∈ Tn.
Define Dx =U 6=xx ∩Xn+1. Then Dx is discrete and closed in U 6=xx .
In (b), by Lemma 12, there exists an almost discrete representation (Γ, γ0, f ) of Ux in
x such that f |Dx is injective.
In (a) choose a decreasing sequence of clopen neighbourhoods (Wn)n<ω of x such
that
⋂
n<ω Wn = {x} and Wn ⊂ Ux for each n < ω. Define the weak almost discrete
representation (ω + 1,ω,h) of Ux in x as in Lemma 10. By Lemma 12, there exists a
weak almost discrete representation (Γ, γ0, f ) of Ux in x such that f |Dx is injective and
{f−1(γ ): γ ∈ Γ } is a refinement of {h−1(n): n6 ω}.
Otherwise, again by Lemma 12, there also exists a weak almost discrete representation
(Γ, γ0, f ) of Ux in x such that f |Dx is injective.
Without loss of generality let f be surjective. For each γ ∈ Γ 6=γ0 choose yγ ∈ f−1(γ )⊂
U
6=x
x . Then Uyγ = f−1(γ ) is well-defined and a clopen subset of Ux , hence of X. Since
f |Dx is injective, we may assume that yf (y) = y for all y ∈Dx . Hence
Dx ⊂D′x =
{
yγ : γ ∈ Γ 6=γ0
}⊂U 6=xx = ⋃
y∈D′x
Uy.
Claim. (Uy)y∈D′x is well-defined.
Proof of Claim. Let y ∈D′x . Then, by (5), Uy has not been constructed for some m< n.
Moreover, since (Ux)x∈Tn is pairwise disjoint, Uy does not depend on x . 2
It is easy to see that U 6=yy ∩D′x = ∅ for each y ∈D′x .
Now define Tn+1 = ⋃x∈Tn D′x . We have to show that conditions (1)–(7) hold for
(Tn+1, (Uy)y∈Tn+1):⋃
m<n+1
Tm ∩ Tn+1 = ∅
follows by (5).
Xn+1 ⊂⋃m6n+1 Tm: Let z ∈ Xn+1\⋃m<n Tm. Then, by (6), z ∈ Ux for some x ∈ Tn.
If z= x , then z ∈ Tn. Otherwise, z ∈U 6=xx ∩Xn+1 =Dx ⊂ Tn+1. (3) was proved above.
By definition, (Uy)y∈D′x is pairwise disjoint for each x ∈ Tn. Since (Ux)x∈Tn is pairwise
disjoint, the same holds for (Uy)y∈Tn+1 .
Let y ∈ Tn+1 and assume that z ∈ U 6=yy ∩⋃m6n+1 Tm. We have y ∈D′x for some x ∈ Tn.
By induction, z ∈ Tn+1. Thus z ∈D′x ′ for some x ′ ∈ Tn. It follows that z ∈Ux ∩Ux ′ . Hence
x = x ′ and z ∈ U 6=yy ∩D′x . Contradiction to the above!
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X ⊂⋃y∈Tn+1 Uy ∪⋃m<n+1 Tm: Let z ∈ X\⋃m<n Tm. Then, by induction, z ∈ Ux for
some x ∈ Tn. If z= x , then z ∈ Tn. Otherwise, z ∈U 6=xx =⋃y∈D′x Uy .(7) is obvious. This finishes the construction of the above sequence.
By (1) and (2), X is the disjoint union of (Tn)n<ω . Thus ht :X→ ω, ht(x) = n iff
x ∈ Tn is well-defined. By (4) and (7), Ux ∩ Uy 6= ∅ and ht(x) < ht(y) imply Uy $ Ux
for all x, y ∈X. Define x 6 y iff Uy ⊂ Ux (x, y ∈X). Then 6 is a partial ordering on X.
Moreover, x < y implies ht(x) < ht(y). If ht(y)= n+ 1, then there exists an x ∈X such
that x < y and ht(x)= n (by (7)). From these facts it follows that 6 is a tree ordering on
X and ht coincides with the usual height function. Hence ht(X) 6 ω. For each x ∈X, by
(5), X>x = Ux . Therefore, τ is compatible with 6.
Now let (Fx)x∈X be defined as above and µ = µ((Fx)x∈X) the tree-type topology
generated by 6 and τ .
(a) Let x ∈ Tn, (Wn)n<ω as in the construction. We show that ⋂n<ω Fx,Wn = ∅:
Assume that y ∈⋂n<ω Fx,Wn . Then y ∈ D′x . Hence there exist γ ∈ Γ 6=γ0, n < ω such
that
y = yγ ∈ f−1(γ )⊂ h−1(n)=Wn\Wn+1.
By definition of Fx,Wn+1 , it follows that
∅ 6=X>y ∩Wn+1 =Uyγ ∩Wn+1 = f−1(γ )∩Wn+1.
Contradiction! By Lemma 18 it follows that
⋂
n<ω VFx,Wn = {x}. Hence (X,µ) is of
countable pseudo-character.
(b) We need only prove that τ ⊂ µ: Let x ∈ U ∈ τ . It suffices to show that VF ⊂
U for some F ∈ Fx . Let x ∈ Tn and (Γ, γ0, f ) the almost discrete representation of
Ux = X>x in x as above. Then γ0 /∈ ∆ = f (X>x\U) is a closed subset of Γ . Hence
x ∈ W = f−1(Γ \∆) is an open subset of X>x (with respect to τ ). Hence W ∈ τ . It
follows that VF ⊂ U with F = Fx,W ∈ Fx . (Let z ∈ VF , without loss of generality z 6= x .
Then y 6 z for some y ∈ Fx,W . Hence there exists w ∈X>y ∩W . The construction yields
f (z)= f (w) /∈∆. Thus, z ∈U .) 2
Remark. A different construction yields the following strengthening of (a). The pseudo-
character of (X,µ) is equal to that of (X, τ).
Theorem 28. Let (X, τ) be a regular topological space. The following are equivalent:
(1) (X, τ) is T-finite.
(2) (X, τ) is hereditarily strongly collectionwise Hausdorff and σ -pseudo-closed
discrete.
(3) (X, τ) is hereditarily ultraparacompact and σ -pseudo-closed discrete.
(4) (X, τ) is strongly collectionwise Hausdorff, σ -pseudo-closed discrete and weak
almost discrete representable.
(5) There exists an ω-tree-type topology µ on X such that µ⊂ τ .
(6) There exists a T-finite T-neighbourhood assignment ((Ux)x∈X,) for X such that 
is a left separating well-ordering on X.
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Proof. (1) ⇒ (2) By Lemma 15, X is σ -pseudo-closed discrete. By Lemma 16 and
Proposition 17, X is hereditarily strongly collectionwise Hausdorff.
(2)⇒ (3) Proposition 3.
(3)⇒ (4) Corollary 6.
(4)⇒ (5) Proposition 27.
(5) ⇒ (6) Let µ be as in the assumption. Then by Lemma 21 there exists a T-finite
T-neighbourhood assignment ((Ux)x∈X,) for X such that  is a left separating well-
ordering on X with respect to µ. Hence the same holds with respect to τ .
(6)⇒ (1) is clear. 2
Theorem 29. Let (X, τ) be a topological space. The following are equivalent:
(1) (X, τ) is of ω-tree-type.
(2) (X, τ) is ultra-extremely normal and σ -pseudo-closed discrete.
(3) (X, τ) is strongly collectionwise Hausdorff, almost discrete representable and σ -
pseudo-closed discrete.
Proof. (1)⇒ (2) Theorems 24, 28.
(2) ⇒ (3) By Lemma 1 and Theorem 24, (X, τ) is of tree-type, hence strongly
collectionwise Hausdorff and almost discrete representable.
(3)⇒ (1) Proposition 27. (Regularity follows by Lemma 9.) 2
Corollary 30. Let (X, τ) be metrizable. The following are equivalent:
(1) (X, τ) is T-finite.
(2) (X, τ) is σ -discrete.
(3) (X, τ) is of ω-tree-type.
(4) (X, τ) is of tree-type.
(5) (X, τ) is left separated.
Proof. Theorem 28, Lemmas 2, 21, Corollary 11. 2
By Lemma 16 we get (compare Corollary 34):
Corollary 31. Let (X, τ) be T-finite (in particular, if (X, τ) is σ -discrete, metrizable).
Then every finer, regular topology on X is hereditarily ultraparacompact.
Corollary 32. Let (X, τ) be regular. The following are equivalent:
(1) (X, τ) is T-finite and of countable pseudo-character.
(2) (X, τ) is σ -closed discrete and strongly collectionwise Hausdorff.
(3) There exists a weaker, σ -discrete metrizable topology on X.
(4) (X, τ) is T-finite and submetrizable.
Proof. (1)⇒ (2) Lemma 2.
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(2) ⇒ (3) By Proposition 3, X is zero-dimensional. By Corollary 11, X is weak
almost discrete representable. Hence, by Proposition 27, there exists a weaker, ω-tree-type
topologyµ onX, which is of countable pseudo-character. Thus, (3) follows by Lemma 22.
(3)⇒ (4) Corollary 30, Lemma 16.
(4)⇒ (1) is obvious. 2
Corollary 33. The topological product of finitely many, regular T-finite spaces of count-
able pseudo-character is T-finite.
Proof. Let (X1, τ1), . . . , (Xn, τn) be regular T-finite spaces of countable pseudo-character.
By Corollary 32, for each i , choose a σ -discrete metrizable topology µi on X which is
weaker than τi . Then the product of µ1, . . . ,µn is a σ -discrete metrizable topology on
X1 × · · · ×Xn, which is weaker than the product of τ1, . . . , τn. 2
Of course, every σ -closed discrete space is a σ -space. Thus, by [10, 4.17], we have:
The product of countably many, regular T-finite spaces of countable pseudo-character is
a hereditarily paracompact σ -space.
In [12, Theorem 4.1], it is proved that if X is normal, collectionwise Hausdorff and σ -
closed discrete, then every countable-to-one, regular preimage of X is normal. Note that,
in general, a countable-to-one, regular preimage of a T-finite space need not be T-finite:
Let Y =RQ be the Michael line and X = (R\Q)∪ {Ω} be the one-point compactification
of the discrete space R\Q. Thus X is almost discrete. Then the map
f :Y →X, y 7→
{
y if y ∈R\Q,
Ω if y ∈Q
is continuous, countable-to-one, but Y is not σ -pseudo-closed discrete.
But by the above and Lemma 16 we have a stronger result for finite-to-one maps:
Corollary 34. Let Y be a regular topological space and X T-finite. If there exists a
finite-to-one, continuous map f :Y → X, then Y is hereditarily ultraparacompact and
σ -pseudo-closed discrete.
Now we answer the question from the introduction: Let K be a field and K[x] the ring
of polynomials in one variable over K . It is easy to see that the set of all non-zero ideals
of K[x] forms a neighbourhood base at 0 for a group topology τ (in fact, a ring topology)
on K[x]. Moreover, the set of all ideals xnK[x], n < ω, forms a neighbourhood base at 0
for a first countable, thus metrizable, ring topology µ on K[x]. (Of course, this topology
is well treated in commutative algebra.) The set of all polynomials of a fixed degree n is
discrete. (If f is in this set, then f + xn+1K[x] contains no other polynomial of degree n.)
Hence (K[x],µ) is σ -discrete. By the above, we have:
Corollary 35. (K[x], τ ) is σ -closed discrete and hereditarily ultraparacompact.
Remark. The same arguments show that we could have started with an arbitrary
commutative, integral domain instead of a field. Without proof we mention that, in case
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of an uncountable field K , (K[x], τ ) is not monotonically normal. Thus it is not of ω-tree-
type (and not almost discrete representable).
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